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The Nieh-Yan anomaly is the anomalous breakdown of the chiral U(1) symmetry caused by the
interaction between torsion and fermions. We study this anomaly from the point of view of torsional
Landau levels. It was found that the torsional Landau levels are gapless, while their contributions
to the chiral anomaly are canceled, except those from the lowest torsional Landau levels. Hence,
the dimension is effectively reduced from (3+1)d to (1+1)d. We further show that the coefficient
of the Nieh-Yan anomaly is the free energy density in (1+1)d. Especially, at finite temperature,
the thermal Nieh-Yan anomaly is proportional to the central charge. The anomalous thermal Hall
conductance in Weyl semimetals is then shown to be proportional to the central charge, which is
the experimental fingerprint of the thermal Nieh-Yan anomaly.
I. INTRODUCTION
Although torsion naturally arises as the curvature ten-
sor of the translational gauge fields [1], in gravity, its
observable effects are relatively small and are usually ne-
glected. By contrast, torsion is attracting more and more
attention in condensed matter physics. They can emerge
from dislocations [2–5], temperature gradient [6–9] and
background rotation. Especially, in the Dirac and Weyl
semimetals, due to their gapless spectrum and strong
spin-orbit coupling [10, 11], torsion has led to rich physi-
cal phenomena, for example, chiral zero modes trapped in
dislocations [12, 13], the chiral torsional magnetic effect
[14] and other viscoelastic responses [15–18].
Topological phases of matter are closely related to
quantum anomalies [19, 20]. Similarly, both the chi-
ral anomaly and mixed axial gravitational anomaly are
important to understand the Dirac and Weyl semimet-
als [21–34]. Torsion can lead to chiral currents non-
conservation as well, which is known as the Nieh-Yan
anomaly [35, 36]. However, compared to other anoma-
lies, the Nieh-Yan anomaly depends on the cut-off and
thus the specific ultra-violet physics, which is still in con-
troversial [37, 38]. The Nieh-Yan anomaly lies in the in-
tersection of condensed matter physics and high-energy
physics, topology and geometry. Meanwhile, the Dirac
and Weyl semimetals have provided an ideal platform to
study these phenomena on a tabletop system.
Recently, it was suggested in Ref. [39] that there might
be an extra thermal term in the Nieh-Yan anomaly, i.e.,
1√|g|∂µ√|g|j5µ =
(
Λ2
4pi2
+
T 2
12
)
µνρσ√|g| ∂µeaν∂ρeaσηab,
(1)
where gµν is the metric and g = det gµν . Λ is the cut-off,
T is the temperature, eaµ is the vierbeins and for simplic-
ity, the spin connection is set to zero. From the view of
Poincare gauge theory, this anomaly shares a similar form
to the Adler-Bell-Jackiw anomaly [40, 41]. But, what
is the physical meaning and physical mechanism behind
this anomaly? Can we understand this anomaly equa-
tion from some kinds of “Landau levels” [42]? Compared
to the zero-temperature Nieh-Yan term, the coefficient of
the T 2 term is dimensionless, so it is also tempting to ask
if they are related to any kinds of topological invariant
and why the coefficient is T
2
12 .
In this paper, we derive the energy spectrum for Weyl
fermions under torsional magnetic fields. The energy
spectrum turns out to be in sharp difference with its
magnetic counterparts. Namely, all the Landau levels
collapse together at the zero-momentum point. Interest-
ingly, only the lowest torsional Landau levels matter as
far as the axial currents are concerned, because the effect
from the higher torsional Landau levels are canceled ex-
actly. Thus, the (3 + 1)-dim system is effectively reduced
to pairs of (1 + 1)-dim Dirac fermions. Especially, the ax-
ial current is proportional to the free energy density of
the effective (1 + 1)-dim Dirac fermions. If the torsional
electric fields are further applied, the effective velocity
of the lowest torsional Landau levels are changed. Since
the free energy density of (1 + 1)-dim conformal fields is
proportional to central charge as well as the inverse of
velocity [43, 44], the torsional electric fields change the
axial current and thus leads to chiral anomaly. Hence, we
have found that the coefficient of the thermal Nieh-Yan
anomaly in Eq. (1) is
T 2
12
=
(pic
6
T 2
)( 1
2pi
)
, (2)
where pic6 T
2 is the free energy density of some (1 + 1)-dim
conformal fields (the lowest torsional Landau levels), 12pi
is from the level degeneracy and c = 1 is the central
charge. The Λ2 term in Eq. (1) is from the vacuum en-
ergy, for example, the band depth in Weyl semimetals, so
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Figure 1. Torsional Landau levels. Top panel: the en-
ergy spectrum for right-handed Weyl fermions under torsional
magnetic fields. Bottom panel: energy spectrum for left-
handed Weyl fermions. The energy for the right-handed low-
est torsional Landau level is positive, while negative for the
left-handed.
it depends on concrete materials. By contrast, the ther-
mal term is proportional to the central charge, which is
universal. Finally, we show that the anomalous thermal
Hall effect in Weyl semimetals is induced by the ther-
mal Nieh-Yan anomaly, which serves as the experimental
signature of the thermal Nieh-Yan anomaly.
The rest of this paper is organized as follow. In Sec. II,
the energy spectrum for Weyl fermions under torsional
magnetic fields are derived. In Sec. III, both the chi-
ral torsional effect and the Nieh-Yan anomaly are calcu-
lated from the lowest torsional Landau levels. In Sec. IV,
an effective model is constructed from the lowest tor-
sional Landau levels, which relates the thermal Nieh-Yan
anomaly to the central charge. In Sec. V, we derive the
anomalous thermal Hall effect in Weyl semimetals from
the thermal Nieh-Yan anomaly. We summerize the main
results of this paper in Sec. VI.
II. TORSIONAL MAGNETIC FIELDS AND
TORSIONAL LANDAU LEVELS
Let us consider the following action for Weyl fermions
in the curved spacetime,
S =
ˆ
ddxe
1
2
[
ψ¯eµaγ
a (i∂µ)ψ − ψ¯
(
i
←−
∂ µ
)
eµaγ
aψ
]
, (3)
where the spin connection is set to zero and a, µ =
0, 1, 2, 3 denotes the locally flat coordinates (coordinate
vectors eµa∂µ) and curved coordinates, respectively. γa
is the gamma matrix, i.e., γ0 = σ0 ⊗ τ1 and γi =
σi ⊗ (−iτ2), where both σ and τ stand for the Pauli
matices. The vierbeins eµa and its inverse eaν satisfy
eµae
b
µ = δ
b
a. In addition, these vierbeins can be realized
in Weyl semimetals, for example, by dislocation [2–5],
temperature gradient [6, 8] and global rotation.
Now for simplicity, let us consider a specific config-
uration of the vierbeins, namely, eaµ = δaµ + waµ and
waµ =
1
2δ
a
3 T˜
3
B (0, −y, x, 0) , T˜ 3B > 0, which means that
the torsional magnetic fields are applied along the z-
direction. The corresponding Hamiltonian is
Hs = s[pzσ
3 +
(
pˆx +
1
2
T˜ 3Bypz
)
σ1
+
(
pˆy − 1
2
T˜ 3Bxpz
)
σ2] (4)
where pz is a good quantum number and s = ±1 denotes
the chirality. Compared to the magnetic case, this Hamil-
tonian looks like Weyl fermions under magnetic fields
with charge pz. The dispersion relation of this Hamil-
tonian can be straightforwardly derived, i.e.,
Es =
 s |pz|±√p2z + 2 ∣∣∣nT˜ 3Bpz∣∣∣ n = 0|n| ≥ 1 , (5)
where the level degeneracy is 12pi |pz| T˜ 3B and the spectrum
is shown in Fig. 1. The energy spectrum with |n| ≥ 1 is
the same for Weyl fermions with different chiralities. So
only the lowest torsional Landau levels can distinguish
fermions with different chiralities. However, compared
to the magnetic Landau levels, there are two main differ-
ences. Firstly, all the Landau levels collapse together at
pz = 0 , which is because the torsional magnetic charge
pz vanishes at this point. Secondly, the lowest torsional
Landau levels is of form s |pz| rather than spz in the mag-
netic case, which is because pz reverse its sign at pz = 0.
III. NIEH-YAN TERM FROM LOWEST
TORSIONAL LANDAU LEVELS
After deriving the torsional Landau levels, it is natu-
ral to ask if we can extract the Nieh-Yan anomaly from
these levels and what is the physical meaning of this
anomaly. In this section, we shall show that regardless of
the gapless nature in the energy spectrum, the higher tor-
sional Landau levels (|n| ≥ 1) do not contribute to the
anomaly equation. Thus, the Nieh-Yan anomaly arises
from the Lowest torsional Landau levels and the system is
effectively reduced to (1 + 1)-dimensional Dirac fermions.
3Figure 2. An illustration of the Nieh-Yan anomaly under tor-
sional electric fields T˜E = ∂tΦ (“tLLL” stands for the torsional
lowest Landau levels). The torsional electric fields change the
slope of the lowest Landau level, for example, from the thick
line (velocity v = 1) to the dashed line (velocity v = (1− Φ)).
Because that the free energy density of two-dimensional con-
formal field theory is picT
2
6
1
v
[43, 44], the change of chiral cur-
rent density is ∆j50 =
(
1
v2
− 1) (picT2
6
)(
T˜3B
2pi
)
, where T˜
3
B
2pi
is
from the level degeneracy. Thus, there is ∆j
50
∆t
= c
6
T 2T˜ 3E T˜
3
B .
In addition, the prefactor of the Nieh-Yan term is the
free energy density of the effectively (1 + 1)-dim Dirac
fermions.
Now we further turn on the torsional electric fields,
i.e., T˜ 3E = ∂0e
3
z − ∂ze30. For simplicity, we set e30 = 0 and
e3z = 1 + Φ, Φ  1. Due to the “minimal coupling”, i.e.,
σa → eµaσa, only σ3 in Hamiltonian are modified and the
dispersion relation now becomes
Es =
 s (1− Φ) |pz| n = 0±√|(1− Φ) pz|2 + 2 ∣∣∣nT˜ 3Bpz∣∣∣ n2 ≥ 1 , (6)
where for eaµ = δaµ + wµa , there is eµa ' δµa − δνaδµb wbν and
thus ez3 ' 1 − Φ. This shows that the torsional electric
fields affect the lowest Landau levels by modifying its
slope (or velocity), i.e., |pz| → (1− Φ) |pz|.
The axial charge density j5µ|µ=0 can be written as
j50 =
∑
n
∑
s
s
ˆ +∞
−∞
dpz
2pi
nF (Ens )
(
|pz| T˜ 3B
2pi
)
, (7)
where n = 0, ±1, . . . is used to label the torsional Lan-
dau levels, nF (Ens ) = 1exp(βEns )+1 is the Fermi-Dirac
distribution function and |pz|T˜
3
B
2pi is the level degener-
acy. Because that for |n| ≥ 1, EnR = EnL , there is∑
|n|>1
∑
s snF (Ens ) |pz| = 0, so their contributions to
j50 are canceled exactly.
Now the axial charge density becomes
(∑
s
sj0s
)
/
[
T˜ 3B/ (2pi)
]
=
ˆ +∞
−∞
dpz
2pi
|pz|
×
{
1
exp [β (1− Φ) |pz|] + 1 −
1
exp [−β (1− Φ) |pz|] + 1
}
=
1
(1− Φ)2 2
ˆ +∞
−∞
d
2pi

1
exp (β) + 1
, (8)
where  ≡ (1− Φ) |pz|. If we regard (1− Φ) as the ef-
fective velocity, then terms in the second line is almost
the energy density of the (1 + 1)-dim Dirac fermions. By
“almost”, we mean that the coefficient of |pz| in the inte-
grand is not (1− Φ). In the last line, 2 ´ +∞−∞ d2pi  1exp(β)+1
is the energy density of two different kinds of fermions.
This suggests the close relation between the Nieh-Yan
anomaly and the energy density. It is also known that in
two dimensional conformal field theory, the free energy
density is proportional to the central charge [43, 44], so
this equation also hints the close relation between the
Nieh-Yan anomaly and the central charge. This connec-
tion shall be explored in the next section.
However, Eq. (8) is actually divergent, so we need to
perform the integration carefully. To be more concrete,
we rewrite Eq. (8) as
2
(1− Φ)2
{ˆ +∞
−∞
d
2pi

[
1
exp (β) + 1
− θ (−)
]
+
ˆ +∞
−∞
d
2pi
θ (−)
}
.
(9)
The first term in the bracket is now convergent, i.e.,
ˆ +∞
−∞
d
2pi

2pi
[
1
exp (β) + 1
− θ (−)
]
=
T 2
4!
.
But the second term can be regularized by introducing a
hard cut-off, i.e.,
ˆ Λ
−Λ
d
2pi
θ (−) = 1
4pi
Λ2,
where the positive  part in the integral is eliminated by
θ (−) and negative part is regularized by −Λ. Hence,
Λ measures the depth of the vacuum and it stands for
the vacuum energy. In reality, the depth of the vacuum
is not universal. For example, it might depend on the
concrete materials. By contrast, the term proportional
to T 2 can be. As we shall show in the next section, it is
proportional to the central charge.
By summing everything together, there is
j50 =
(
1
12
T 2 +
1
4pi2
Λ2
)
T˜ 3B +
(
1
6
T 2 +
1
2pi2
Λ2
)
ΦT˜ 3B .
(10)
4The first term in the bracket is the chiral torsional effect
obtained in Ref. [17]. In addition to the thermal energy,
the vacuum energy can affect the chiral torsional effect
as well, which leads to the Λ2 term.
We can also study the chiral anomaly from Eq. (10).
For example, by recast ∂tj50 in a covariant form, there is
1√|g|∂µ√|g|j5µ =
(
T 2
12
+
Λ2
4pi2
)
µνρσ√|g| ∂µeaν∂ρebσηab,
(11)
which is the Nieh-Yan term with thermal contribution.
The term proportional to T 2 can be understood as follow.
Under torsional electric fields, the velocity of the lowest
torsional Landau levels are changed. For example, in Fig.
2, the velocity (or slope) of the thick line and dashed line
are v = 1 and v = (1− Φ), respectively, where Φ =
T˜ 3E∆t. It is known that for two dimensional conformal
fields, the free energy density at velocity v is F (v) =
pic
6 T
2 1
v [43, 44], where c is the central charge and c = 1
for the (1 + 1)-dim Dirac fermions here. In Eq. (8), the
chiral density is
[
1
v ×F (v)
] T˜ 3B
2pi , where the
1
v is because
that the torsional Landau level degeneracy is not affected
by the torsional electric fields. Thus, the change of chiral
density is ∆j50 =
[
1
(1−Φ)2 − 1
] (
pic
6 T
2
) ( T˜ 3B
2pi
)
or ∆j50 '
c
6T
2T˜ 3E T˜
3
B∆t, with c = 1.
This implies that the prefactor of the Nieh-Yan term
is actually the free energy density. Especially, the coeffi-
cient of the first term is from
T 2
12
=
(
cpiT 2
6
)(
1
2pi
)
, (12)
where c = 1, 12pi is from the level degeneracy and
cpiT 2
6 is
the free energy density. This strongly suggests the close
relation between the central charge and the Nieh-Yan
anomaly.
IV. (1 + 1)-DIM EFFECTIVE MODEL AND
CENTRAL CHARGE
In the last section, we have derived both the Nieh-Yan
anomaly and the chiral torsional effect from the lowest
torsional Landau levels, which seems to relate to the cen-
tral charge. In this section, we shall study this connection
by projecting the (3 + 1)-dim system onto its lowest tor-
sional Landau levels, which is effectively the (1 + 1)-dim
Dirac theory.
Since only the lowest Landau levels contribute to the
anomaly equation, so we can project our (3 + 1)-dim sys-
tem onto the lowest torsional Landau levels. Then, the
effective Lagrangian is
L = ψ† (i∂t + |pz|σ3)ψ. (13)
The corresponding chiral current defined in two dimen-
sions is
jµc = ψ¯Γ
µΓ5ψ, (14)
where Γµ and Γ5 are the gamma matrices defined on
the (1 + 1)-dim spacetime. We can further recast the
Lagrangian above as
L = ψ¯′† (i∂µΓµ)ψ′, (15)
where ψ′ (pz) =
(
ψR
ψL
)
for pz > 0 and ψ′ (pz) =
(
ψL
ψR
)
for pz < 0.
Hence, in terms of ψ′, Eq. (14) can be written as
jµc (pz) = sign(pz)ψ¯′ΓµΓ5ψ′. Notice that the level degen-
eracy of the torsional Landau level is 12pi T˜
3
B |pz|, so the
actual chiral current in the (3 + 1) dimensional space-
time is j5µ =
(
T˜ 3B
2pi
) (
ψ¯′ΓµΓ5pzψ′
)
. By using identity
Γ5Γµ = µνΓν , there is j5µ =
(
µνψ¯′Γνpzψ′
) ( T˜ 3B
2pi
)
,
where, up to equations of motion, ψ¯′Γνpµψ′ is the canon-
ical energy-momentum tensor from the Noether theorem.
Hence, we shall calculate Tµν so as to obtain j5µ, i.e.,
j5µ = µνTν3
(
T˜ 3B
2pi
)
, (16)
where µ, ν = 0, 3. Since we are most interested in the
finite-temperature chiral current, we compactify the tem-
poral direction to a circle of radius β = T−1. By using
the Schwarzian derivative, one can obtain
T33 =
cpiT 2
6
, T00 =
cpiT 2
6
, (17)
where c is the central charge. Roughly speaking, c counts
the degrees of freedom. To see this, let us compact-
ify the spatial direction (to a circle of radius T−1) in-
stead and the absolute value of the energy density is
|T∑n (2pinT )| = piT 26 , which means that each indepen-
dent mode will contribute a factor piT
2
6 to the energy
density and thus c counts the number of different modes.
By inserting Eq. (17) back to Eq. (16), there is
j50 =
(
cT 2
12
)
T˜ 3B ,
which is exactly the chiral torsional effect we have ob-
tained in Eq. (10). This can be recast in a covariant
form as
j5µ =
(
cT 2
12
)
µνρσ√|g| ηabδaν∂ρebσ, (18)
and thus the chiral anomaly is
1√|g|∂µ√|g|j5µ =
(
cT 2
12
)
µνρσ√|g| ∂µeaν∂ρebσηab, (19)
5which is similar to the results obtained in last section. In-
terestingly, we have shown that both the chiral torsional
effect and the thermal Nieh-Yan anomaly is proportional
to the central charge. If the Fermi velocity v is not equal
to 1, then geneally speaking, the prefactor of the anomaly
above should be cT
2
12v2 rather than
cT 2
12 . This suggests that
the coefficient of the thermal Nieh-Yan anomaly should
be universal up to Fermi velocity.
Compared to our results in Eq. (10), terms propor-
tional to cut-off do not appear. This is because that the
vacuum energy is from the normal ordering of the cre-
ating and annihilating operators, which is secretly threw
away in conformal field theory due to the constraints of
translational symmetry and rotational symmetry. How-
ever, in realistic materials, both the translational sym-
metry and the rotational symmetry can be broken by the
ultra-violet physics. This means that the Λ2 term might
exist in the Nieh-Yan anomaly, but it is not universal and
depends on the concrete systems.
V. ANOMALOUS THERMAL HALL EFFECT IN
WEYL SEMIMETALS
In this section, we shall apply the thermal Nieh-Yan
anomaly to Weyl semimetals. The anomalous thermal
Hall effect naturally arises as experimental signature of
the thermal Nieh-Yan anomaly. The anomalous thermal
Hall conductance is then shown to be proportional to the
central charge.
The anomaly equation in Eq. (19) implies that 〈j5µ〉 =
cT 2
12
µνρσ√
|g| e
a
ν∂ρe
b
σηab. Hence, the effective action in Weyl
semimetals can be written as
Seff =
ˆ
d4x
√
|g|bµ〈j5µ〉+ . . .
=
cT 2
12
ˆ
d4xµνρσbµe
a
ν∂ρe
b
σηab + . . . , (20)
where bµ is the separation between Weyl nodes in the
energy-momentum space and we have only kept terms
with linear dependence on b. By performing variation of
the vierbeins, the energy-momentum response current is
given as
Tµa = −
cT 2
6
ηab
µνρσ√|g| bν∂ρebσ. (21)
Especially, for a = 0, Tµ0 is the energy current, which is
given as
jT =
cT
6
b× (∇T ) . (22)
(jT )
i
= T i0 is the thermal current and we have used
∂0e
0
i − ∂ie00 =
(
T−1∇T )
i
[8]. This is the anomalous
thermal Hall effect in Weyl semimetals and it is propor-
tional to the central charge. Because that the central
charge closely relates to the conformal anomaly in two di-
mensional spacetime, the anomalous thermal Hall effect
in Weyl semimetals is thus expected to be protected by
topology. In addition, compared to the anomalous quan-
tum Hall effect in Weyl semimetals, i.e., j = 12pi2 b × E,
the ratio of the anomalous thermal Hall conductivity and
the anomalous Hall conductivity is cpi
2T
3 , which matches
with the Wiedemann-Franz law exactly.
Eq. (21) also tells us how the temperature affects
the momentum transport in dislocations, i.e., jpm =
cT 2
6 b0∇ × em, where b0 is the chiral chemical poten-
tial,
(
jpm
)i
= T im is the pm momentum current and
(em)i = −ea=mµ=i . Thus, the total momentum transferred
along a dislocation is
Jpm =
ˆ
M
(dS) · jpm = −
cT 2b0
6
bmbur,
where M is a surface area containing dislocations. bbur
is the Burger vector, i.e.,
¸
dxµ ∧ dxν∂µeaν = bmbur.
VI. CONCLUSION
In summary, we have calculated the torsional Landau
levels, from which the Nieh-Yan anomaly is derived. It
was shown that the coefficient of the Nieh-Yan anomaly
is the free energy density of the lowest torsional Landau
levels. By projecting the system onto the lowest tor-
sional Landau levels consisting of the (1 + 1)-dim Dirac
fermions, we relate the Nieh-Yan anomaly to the central
charge and thus the conformal anomaly. The anomalous
thermal Hall effect in Weyl semimetals arises as the direct
consequence of the thermal Nieh-Yan anomaly, which is
shown to be proporitonal to the central charge and can
be regarded as the expermental signature of the thermal
Nieh-Yan anomaly. We have clarified the physical mech-
anism behind the Nieh-Yan anomaly and revealed the
topological nature of the thermal Nieh-Yan anomaly.
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